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A theoretical and experimental investigation of the pumping character- 
istics of the normal stress extruder was made. The theoretical model re- 
quires only material property data and extruder dimensions and rotation 
speed to evaluate the main velocity field, flow rate, and pressure. The flow 
from the extruder was measured for two viscoelastic polymer solutions and 
a polymer melt as a function of gap setting and angular velocity. These 
measurements were in reasonable agreement with the proposed modeL 

SCOPE 
Two important operations in the polymer processing 

industry are the melting of polymer feed stocks and the 
mixing of additives, such as plasticizers or coloring agents, 
with the polymer to give desired properties to the finished 
products. These operations are usually performed in a 
screw extruder, which can simultaneously develop the 
large pressures necessary for later processing steps. 

An alternate process to perform these operations is 
the elastic or normal stress extruder. This device utilizes 
the normal stresses developed between a rotating and 
stationary disk to pump polymer melts out the center of 
one disk. Desirable mixing characteristics of the normal 
stress extruder have generally been neglected because it 
does not develop large operating pressures. Blends of 

incompatible polymers from the normal stress extruder are 
characterized by a filament structure (Starita, 1972) which 
contrasts sharply with the granular structure resulting with 
some other types of mixers (Paul, 1972). This highly ori- 
ented mixing enhances the mechanical properties of the 
product and could possibly help stabilize such drawing 
operations as filament formation. 

Development of the normal stress extruder may have 
been hampered by lack of an adequate model of its oper- 
ation. This paper is concerned with obtaining an explicit 
model for the operation of the normal stress extruder. 
Experimental measurements of the flow rate from the nor- 
mal stress extruder are made for several viscoelastic mate- 
rials to verify the proposed model. 

CONCLUSIONS AND SIGNIFICANCE 
A model of the normal stress extruder which allows the 

flow rate and pressure generated in isothermal operation 
of the extruder to be calculated is developed here. The 
model is largely analytical with some numerical iteration 
required to evaluate several integrals. The only inputs 
required for the model are basic rheological data, shear 
and normal stresses, and extruder dimensions and rotation 
speed. 

Experiments were performed to measure the extrusion 
Correspondence concerning this paper should be addressed to C. W. 

Macosko. 

rate of a polyisobutylene solution and a polyacrylamide 
solution. These are viscoelastic fluids which can be 
pumped isothermally from the normal stress extruder used 
in the experiments. Comparison of the experimental extru- 
sion rates and the predicted rates indicate the proposed 
model is adequate for engineering purposes. The model 
was also used to analyze the polyethylene melt data of 
Fritz (1971). Comparison of the experimental and pre- 
dicted flow rates was not as good as the solution data. 
Due to shear heating the melt was not extruded iso- 
thermally. Work is in progress to extend the proposed 
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model to nonisothermal situations. 
The primary use of the normal stress extruder will 

probably be as a mixer, as it does not develop large pres- 
sues  characteristic of a screw extruder. Basic to any study 
of mixing characteristics is a knowledge of the main 
velocity distributions expected and consequently the ex- 
trusion rate. The major significance of the present work 

is the development of analytical expressions for the veloc- 
ity distribution in the normal stress extruder, which then 
allow evaluation of the mixing properties of the extruder 
on an analytical basis. Such evaluation is now in progress. 
In addition, this analysis provides the essential frame- 
work for design-scale up, optimization, and power re- 
quirements. 

The normal stress extruder is unique in the area of 
extrusion equipment. Instead of developing a pumping 
action through viscous drag effects as with a screw, the 
normal stress extruder relies on the normal forces gen- 
erated in a viscoelastic fluid undergoing shear. 

Since its inception by Maxwell and Scalora in 1959, 
the normal stress extruder has been studied experimentally 
by several authors. L. L. Blyler, Jr. (1966) has studied the 
velocity distribution in the extruder, Fritz (1971) the flow 
rates, pressure, and some temperature distributions, J. M. 
Starita (1972) the mixing properties of the extruder, B. 
Maxwell (1970, 1972) has presented rough empirical de- 
sign equations for the extruder, and Kocherov et al. 
( 1973) have studied certain instabilities developed in the 
extruder. The intent here is to develop an improved anal- 
ysis of the normal stress extruder. 

ANALYSIS OF THE EXTRUDER 

The proposed model accounts for the main flow pat- 
terns observed in the extruder. The flow geometry is 
given in Figure 1. The visualization work of Blyler (1966) 
and Kocherov et al. indicates the normal stress extruder 
will operate in a steady laminar regime, where all flows 
are independent of the azimuthal coordinate, provided the 
gap thickness is not a function of the radial coordinate 
and the pressure imposed at the periphery is greater than 
the pressure imposed at the die exit. This is the configura- 
tion chosen for experiment and analysis. When operating, 
the material to be pumped is introduced around the pe- 
riphery of the disk. The back plate is driven at a constant 
angular velocity while the die plate is held fixed. For 
elastic liquids, the fluid flows from the periphery toward 
the center of the die disk and out the die-opening. 

The method of analysis will be to calculate the pressure 
developed at the die entrance surface [ z  = H; 0 4 r 4 
RD] caused by elastic normal forces when there is no 
radial flow. Next, the pressure drop required to produce 
a flow rate Q from the periphery of the die disk [ r  = R] 
to the die entrance surface of a purely viscous fluid is cal- 
culated. The difference of these two pressure potentials 
would then approximate the actual pressure at the die 
entrance under radial flow conditions. This implies that 
the total stress tensor P for a fluid can be expressed as the 
sum of the isotropic pressure tensor pl, the viscous stress 
tensor 1, and the elastic normal stress tensor N. 

p = -  p l - r + N  
Such a separation is strictly valid for viscoelastic materials 
undergoing only locally steady flows, a reasonable assump- 
tion for our case as long as V, is sufficiently small. 

To obtain an analytical model, it will be assumed that 
1. Extruder is operating in a steady laminar flow regime 

2. Small gap to flow path ratio (H/(R - R D )  << 1) 
3. Viscous response of the material extruded may be 

at constant temperature T 

modeled as a power law fluid 
t = - &( MA:&) %Cn-l) A (1) 

4. Elastic response can be modeled from torsional flow 

The pressure drop generated by fluid elasticity available 
data as indicated below. 

to extrude material from the die is given by 

P ,  may be calculated from a constitutive equation which 
gives the first and second normal stresses due to elasticity 
as a function of rate of shear. 

A p ~ s  may also be calculated directly from total normal 
force data from a parallel plate rheometer (Middleman, 
1968), where 

For the assumed flow in the rheometer dP,,/dr is only a 
function of the local rate of shear + = o r / H .  Thus if the 
experimental F curve is fit by a trial function, 

F = rR2 ki y ~ ~ '  (3) 
i = 1  

then 

(4) 
m i  + 3 
R 

2 ki - jRD Ymi dr A ~ N S  = 
i=l  

Blyler et al. (1968) in their analysis of this same system 
neglect the pressure drop necessary to produce the radial 
flow distribution in comparison to the pressure drop 
through the die. The flow rate under these idealized con- 
ditions is 

( 5 )  
which gives the flow rate of a power law fluid through a 
tube as a function of the pressure drop along the length 
of the tube. They assume that entrance and exit effects 
are negligible and flow in the tube is fully developed and 
laminar. If R D / L  is not small, entrance effects may become 
important and must be accommodated. Also the pressure 
drop required to produce radial flow can not be neglected. 
Thus Equation ( 5 )  predicts flow rates much larger than 
are experimentally realizable (Blyler, 1966). 

The pressure drop required by the radial flow can be 
calculated from a knowledge of the radial velocity field. 

Q" = @ [ A ~ N s  + APE] 

Radius,Ro Length L l l l l l l l l l  
I 
I 

Fig. 1. The normal stress extruder. 

Page 68 January, 1974 AlChE Journal (Vol. 20, No. 1) 



The equations governing the velocity field are 

These equations, with appropriate boundary conditions, 
could be solved numerically. Fritz (1971) has carried out 
such calculations after making several a priori simplifica- 
tions of the equations using rheological relations similar 
to those used here. His solution is very cumbersome to 
use in parametric studies and provides little insight into 
the operation of the extruder. Fritz's results are further 
obscured by the use of an empirically determined en- 
trance loss number to describe pressure effects in the vol- 
ume [0 6 z 6 H ,  0 4 r 

For more insight into the normal stress extruder let us 
consider a quasi-analytical solution which divides the ex- 
truder into three regions 

RD]. 

Region I: The disk proper 
O L Z L H  

Region 11: The die entrance 
O 4 z L H  

R D G r A R  

O L I L R D  

Region 111: The die proper 
H L z g L + H  

O d r g f i D  

REGION I: DISK FLOW PROPER 

This region may be characterized by the geometrical 
consideration H/R << 1. Because derivatives in the z- 
direction are much larger than those in the r-direction, a 
substantial reduction in the equations of motion can be 
made. The equations describing flow in the disk section 
are 

Under normal operating conditions 

($)2 >>2[ (y+ ( 3 ' 1  +( -y 
(8) 

and the shear rate can be well approximated by its aver- 
age defined as - 1 H  H 

y =  (zi * : A d z )  

Consequently, from the power law equation, 

with boundary conditions 

Vr(r, 0) = Vr(r, H )  = 0 (10) 
where the .normal viscous stresses have been neglected. 
This is consistent with Equation (6) and is a reasonable 

assumption if RD is not too small. As the stress tensor is a 
linear combination of viscous and normal stress parts, the 
pressure drop due to viscous stresses and the pressure gen- 
erated due to normal stresses, Equation (4 ) ,  may be sep- 
arated. Equation (9)  can be used to calculate the radial 
velocity and the remaining pressure drop due to viscous 
flow. The result is 

dp Z ( Z -  H )  v, = - 
dr 2k y n - 1  

Blyler's tracer studies (1966) support this form for Vr as 
well as Ve = o r ( H  - z ) / H .  

The radial flow in the disk is 
H 

Q = 2 n r i  Vr dz 

dp r r H S  
dr 6k7"-1  

(12) 
- --- 

The pressure drop due to viscous flow drag in the disk 
may now be evaluated in terms of the flow rate as 

REGION II: DIE ENTRANCE FLOW 

Because of the simplified treatment given the radial 
component of velocity in Region I, one can expect only 
an equally approximate solution to the die entrance flow 
problem, since the solution to Region I provides part of 
the boundary conditions to Region 11. The equation of 
continuity is 

Proposed boundary conditions are 
Uz = Ur = 0 Z = o  r d R D  (15a) 

and 
uz = a{ l  - [~/RD]"+")'"} 

Ur = 0 
Z = H  r L R D  (15b) 

that is, fully developed power law flow at the die open- 
ing, and 

u, = 0 

Ur = - B z ( H  - Z )  

o L Z 4 H  r = R D  (15~) 

that, is the proposed flow from region I at r = RD. 

ditions (15) to yield 
Equation (14) may be solved with the boundary con- 

The velocity field U only approximates the actual flow 
in the die entrance primarily because of the unrealistic 
pressure boundary conditions imposed on the solution. As 
treated here, the pressure in disk proper is taken to be 
only a function of r, and the pressure in the die is taken 
to be only a function of z. Consequently, there is a pres- 
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sure discontinuity along the line [ r  = RD, z = HI. As 
Equation (14) is a first-order equation, one can not 
specify both the function values and their derivatives on 
the bounding surface. Consequently, there is also a dis- 
continuity in the rate of shear at the face ( z  = H ,  0 6 r 
6 R D ) ,  that is 

or ave lim (%)=-- while lim (7) = 0 
%+H+ 

H 
Z+H- 

To improve the analysis, the full equations of motion must 
be solved. To maintain internal consistency, the U veloc- 
ity field was used to evaluate the viscous stresses on the 
surface and in the volume V for use in Equation (17) .  

Now that the approximate velocity U is known, the 
pressure drop for flow through Region I1 can be deter- 
mined from the mechanical energy balance. For this 
system, the mechanical energy balance reduces to 

Js t (pU + 7 U )  dS = '5: (vu) dV (17) 

A 
where n is the outward directed normal to the volume V 
of Region 11, and only viscous losses are considered. Equa- 
tion (17) may be rewritten more explicitly as 

Consequently, 

A ~ D E  = - 2R f r (- '5 :  VU) dr dz 
Q 

The components necessary to evaluate Equation (19) are 

1 H 
+ =  ( T ~ I I : ~ I I )  

where 
A11 = VU + ( V U ) T  

It should be noted that 

Since analytical expressions are available for U [see Equa- 
tion (IS)],  it is possible to evaluate numerically Equa- 
tion (19) for any n desired. For n = l, a Newtonian vis- 
cosity, the result is 

For n # 1, other terms can become significant and must 
be calculated according to Equation (19).  A ~ D E  can be 
a significant contribution to the resistance to flow in the 
extruder. For the materials used in our extruder, the re- 
sistance in the die entrance was frequently greater than 
the total resistance to flow through the die, 

REGION 111: DIE FLOW PROPER 

Boundary condition (15b) applies throughout the die, 
thus fully developed laminar power flow is assumed. Exit 
effects are neglected. 

It is now possible to calculate the flow rate from the 
extruder. From Equation ( 5 )  the flow through the die is 
of the form 

Q" = 8 APT 
where APT is now 

APT = A p ~ s  + APE - Apvs - A ~ D E  (22) 
The predicted flow through the die is 

Typical components of APE would be the external pres- 

TABLE 1. RELATIVE RESISTANCE TO FLOW IN THE EXTRUDER 
FOR POLYACRYLAMIDE AT 28°C AND u = 6.3 s-1 

Resistance ( dimensionless) 
H, cm Die Disk proper Die entrance 

0.050 1 .oo 5.00 1.25 
0.075 1.00 1.97 0.71 
0.100 1 .oo 0.97 0.53 
0.150 1 .oo 0.32 0.41 
0.200 1.00 0.15 0.37 
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TABLE 2. MATERIAL PROPERTIES 

STP at 2OoC 

Polymer 

Wt. % 
Solvent 

Temperature 
Density, g/cmS 
Power law parameters, Eq. (1) 

k 
n 

ki 

ka 

Normal force parameters, Eq. (3) 

m1 

ma 

Polyacrylamide Polyisobutylene Polyethylene 

Cyanamid P250 “STP Oil Treatment” Lupolen 1800H 
American Cyanamid Co. STP Corp. (from Fritz, 1971) 

5.0% 
50-50 water 
glycerin by wt. 

26” C 
1.16 

17.28 
0.661 

140. 
1.06 - 
- 

sure difference imposed on the extruder, hydrostatic pres- 
sure, and the centrifugal force on the material in the ex- 
truder, For stable operation APE 2 0. 

Equation (23) can be solved iteratively for Q. This is a 
particularly useful form, as a high trial value of Q used to 
evaluate the right side of Equation (23) will result in an 
underestimation of Q. Consequently, the true value of Q 
is bounded by one evaluation of Equation (23) and the 
true value can be determined with very few iterations. 
Equation (23) predicts Q to be small for small H, increas- 
ing rapidly to some maximum value as H increases, then 
slowly declines as H continues to increase. This is pre- 
cisely the behavior observed experimentally (Maxwell and 
Scalora, 1959; Maxwell, 1970; Fritz, 1971). The influence 
of the various resistances to flow in Equation (23) are 
examined for a polyacrylamide solution (see Table 2) 
for various H with o = 6.3 s-l in Table 1. Resistance to 
flow in the die has been assigned a value of 1. The re- 
sistance to flow in the disk proper and the die entrance 
are given relative to this value. For example the flow 
observed at H = 0.075 cm is l./(l. + 1.97 + 0.71) = 
0.272 of the flow which would be observed if the resist- 
ance to flow in the disk proper and the die entrance could 
be neglected. These results are also shown graphically in 
Figure 2. 

EXPERIMENT 

Several simple experiments were performed to test th is  analy- 
sis. A Rheometrics Mechanical Spectrometer (Macosko and 
Starita, 1971) was used to characterize the materials and also 
to drive the normal stress extruder. 

A commercial polyisobutylene solution, STP oil additive, and 
polyacrylamide solution in water-glycerin were used. Their 
compositions and properties are summarized in Table 2. Shear 
stress data were collected in a cone and plate geometry and the 
normal force from total thrust in the parallel plate geometry. 
Data are plotted in Figures 3 and 4. Note that the rheol- 
ogy of these two solutions is considerably different. STP has a 
nearly Newtonian shear stress while the polyacrylamide is quite 
pseudoplastic. Their normal force functions are also different. 
STP appears to be a convenient viscoelastic material for ex- 
perimenters; however, we have found some batch-to-batch 
variation. 

The Mechanical S ectrometer could also function as a normal 
stress extruder by drilling a hole in the fixed plate of the parallel 
plate geometry. A die plate 7.2 cm in diameter was used with 
a die 0.245 cm in diameter and 0.482 cm long. The rotating 
plate was 5.0 cm in diameter. A 0.62 cm high dike was con- 
structed around the die plate and filled with the polymer solu- 
tions. As material was extruded, it was periodically collected 
and weighed to obtain the flow rate. Results are presented as 
the points in Figures 5 to 7. The curves are from Equation 
(23). 
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-18% 
motor oil 

20°C 
0.92 

110. 
0.924 

13.42 
1.84 

3.12 
-4.9 x 10-8 

100% 
none 

150°C 
0.92 

8.69 X 101 
0.40 

4.6 x 106 
0.79 - 
- 

Polyacr ylamide 
28’ c 

w = 6 . 3  rod / sec 

0 Expermetal Data 

Die t Disc Resistances 

I 

I I I I 4 .05 _ I  0 .I 5 .20 

H (cm) 
Fig. 2. The effect of the different resistances on the colculoted 

flow rote. 

lo4 - 
N 

E 
\ 
In 
0) c 

lo3- 

- lo5 

cn 
0) c 
2. 
-0 

- lo4 

y, sec- l  

Fig. 3. Shear stress and normal force data for STP at  20°C. 

DISCUSSION 

Blyler ( 1966) and Maxwell ( 1970) observed roughly 
a linear relation between Q and o. This is not in dis- 
agreement with our results in Figure 5. However, we find 
by Equation (23) that the relation will be more complex 
at small 0. 

January, 1974 Page 71 



Polyacrylamide at 26°C '7 

10 

I 

R = 2.50cm 
R,,= 0.122 

- 
- L = 0.482 00 rad 

I 10 100 loo0 
;R ( sec-1) 

Fig. 4. Shear stress and normal force data for polyacrylamide a t  26°C. 

0 

ST 

- w = 4  
I I I I 

H =. I  cm 

0 .  
0 2 4 6 8 10 

w ,(sec-l) 
Fig. 5. Extrusion rate for STP at  20°C as a function of rotation rate 

w at constant gap thickness (H = 0.1 cm). 

Figures 6 and 7 show that there is an optimum gap for 
constant angular velocity. This was expected from Equa- 
tion (23) and it is the point where the elastic pressure 
increase is balanced by viscous drag as H decreases, that 
is, where 

aAph?S - a ( A p v S  -k A P D E )  -- 
aH aH 

An approximately constant optimum gap was observed for 
polymer melts by Maxwell (1959, 1970) and by Fritz 
(1971). 
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The data in Figures 6 and 7 are fit reasonably well by 
Equation (23). For the polyacrylamide agreement is 
within the experimental accuracy for H > RD. For H < 
RD the pressure at the die entrance is really not uniform 
and the approximate analysis of the entrance region breaks 
down. This leads to an overestimation of resistance to flow 
in the entrance region. At w = 10 rad/s the polyacryl- 
amide solution tended to climb out and over the back plate 
and is probably responsible for the poor fit of that data. 

The STP shear and normal force characterizations were 
carried out at 20°C while the flow rates in Figure 6 were 
determined at 30°C. The temperature dependence of STP 

- 

STP at 30°C R = 2 . 5 0 ~ 1 ~  

0 .I0 .20 

H (cm) 
Fig. 6. Extrusion rate for STP a t  30°C as a function of rotation rate 

w and gap thickness H. 

-*mideat 28 O C 
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4 -  

3 -  
a, 

3 
..-.. 

E 

0 

0 - 

0 .  

was found to be relatively small, less than 5 %  decrease 
in F,, and less than 1% in 7 from 20 to 25°C. This is in 
agreement with Tanner’s ( 1973) survey of polyisobutylene 
data. Thus shear and normal force parameters were not 
adjusted since the changes would be within the accuracy 
inherent in the extrusion experiment. 

Fritz (1971) reports flow rates of a branched poly- 
ethylene in a normal stress extruder. He provides rheologi- 
cal data shown in Table 2. His extruder dimensions and 
some results are shown in Figure 8. Note that the rheologi- 
cal properties and extruder dimensions are considerably 
different from those in Figures 6 and 7. Curves are again 
from Equation (23). 

Due to the high viscosity of the polyethylene, shear 
heating is significant. At H = 0.15 cm Fritz reports mea- 
sured temperatures near the periphery of the disk of up 
to 185°C for o = 6.28 rad/s and 250” for 12.57 rad/s. 
Thus the simple isothermal model used here should over 
predict the flow rates since it can’t account for the de- 
crease in the strongly temperature dependent normal force. 
Material properties for Figure 8 were evaluated at an 
average temperature observed for each o. For o = 6.28 
sP1, the temperature was 173”C, for w = 12.57 s-l, the 
temperature in the extruder was much higher for small H 
than for large H ,  hence the discrepancy of experimental 
and calculated results. 

I t  appears that to model more viscous polymer melts 
the energy equation will need to be solved with tempera- 
ture dependent viscous and elastic properties. Work is in 
progress in this direction. 

Lupolen 1800 H 
at  15OoC 

Replotted from Fritz 
(1971) 

R = l l  5 c m  
R D = 6 c m  
L - 6 O c m  

0 
n 

2 -  

I -  

1 1 I 1 I 

NOTATION 

F 
H = gap thickness, cm 
I = idemfactor tensor 
k 
L 
N 
n 
P 
p = isotropic pressure, dynes/cm2 
Q = flow rate, cm3/s 
r = radial coordinate, cm 
R = back plate radius, cm 
S = surface of volume V 
T = temperature, “Kelvin 
U = velocity in the die entrance section, cm/s 
V = velocity in the disk proper, cm/s 
V = volume of the entrance region, bounded by r = 

z = polar coordinate, cm 
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= normal force on parallel plate, dynes 

= power law viscosity, dyne sn/cm2 
= length of the die, cm 
= elastic normal stress tensor, dynes/cm2 
= exponent for the power law 
= total stress tensor, dynes/cm2 

RD, 0 z 4 H 

Greek Letten 

, cm/s 
l f 3 n  Q 

(y =-- 
1 + n T R D ~  

y = shear rate, s-l 
A = rate of strain tensor defined as V V  + (VV) T, s-l 

8 = polar coordinate, radians 
D = densitv. e/cm3 

= definedas 

(-T) . U d S )  

o = angular velocity, radiands 

Subscripts 

D = die 
DE = die entrance 
E = external 
N S  = normal stress 
R 
T = total 
VS = viscous stress 

Superscripts 

= quantity evaluated at r = R 

1 P H  .. - = averaged quantity K= J A dz 
H O  

T = transpose of a tensor 
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